INTRODUCTION
Brookhaven National Laboratory is the site of the National Synchrotron Light Source (NSLS) ; an electron synchrotron which is an intense source of hard and soft x-rays. Since there are no effective refracting elements for x rays, this radiation must be manipulated and focussed by mirrors configured to give high reflectivity.
In the case of hard x-rays this is done using high-Z metal mirrors illuminated at glancing-angles of incidence --below the critical angle for total external reflection. Most synchrotron mirrors and high-energy x-ray telescopes use this method. In the case of soft x-rays, reasonable normal-incidence reflectivity can be achieved using multilayer interference coatings.
There are two further differences between x-ray and conventional optics due to the short radiation wavelengths involved: the image quality is more sensitive to shape errors in the optical elements, and even in the case of a perfect mirror, the image is generally system rather than dlffraction limited.
Several years ago we developed a simple diffraction theory for the imaging of glancing-incidence x-ray mirrors which we called the five-factor formula, which related the image quality of system-limited optics to the statistics of the errors in mirror shape Ii). In this paper we describe the generalization of those results to normal-incidence optics [2] .
Although we discuss this method with reference to shape errors in x-ray mirrors, the formalism is also applicable to other sources of wavefront errors, arbitrary radiation wavelengths, and to refractive optics.
DIFFRACTION THEORY OF IMAGING
To display the physics involved most clearly we consider the paraxial imaging of an on-axis parabolic mirror with statistically-symmetric shape errors. The object is to develop simple relationships between shape errors and image quality, and conversely, to specify limits on the statistics of those errors in terms of performance requirements.
The diffraction expression for the measured angular distribution of the reflected and scattered intensity in the image plane is given by is the measured intensity distribution or spread function in the image plane as a function of the deflection angles , Q , including both system effects and surface-shape errors. It is normalized so that integration over all angles is unity.
I (6) (2) x SL191' OTFVt) is the total optical transfer function of the system plus surface, normalized to unity at zero lag
The total OTF is the product of two factors:
The first accounts for system effects and the second for the surface errors. For a perfect surface, B() = 1 and Eq 1 gives the system spread function 10(e). The system and error OTF factors are discussed in detail in the following two sections.
4, THE SYSTEM OTF
The system factor in the total OTF can be written as the product of three subfactors:
A(TA,AA3
which account for illumination, source and detector effects, as explained below.
The illumination factor
A i the illumination factor, which i the autocorrelation of the pupil function. For a simple circular pupil of diameter D0
Taken alone, it leads to the well-known Airy distribution for the image intensity:
Az is the 'source-size' factor. In the case of x-rays the source is modelled as a collection of incoherent point sources having an Gaussian angular distribution with a root-mean-square (rms) angular width e5 . The source-size factor is then:
which corresponds to the intensity distribution
4.3 The detector-size factor A3 is the detector-size factor. In the case of a cylindrical detector response with an angular radius it has the sombrero-function form:
and the corresponding measured intensity distribution is I3()=;zC(
where Cyl(x) = 1 for 1x < 1 and zero otherwise.
The form of the ayatem epread function
The fact that Eq 4 is in the form of a product means that the system spread function is the convolution of the individual Intensity distributions given in Eqs 6, 8 and 10:
.
Each term and their convolution ha a unit volume, corresponding to the fact that each A and their product is unity at zero lag. These unit properties are statements of the conservation of energy.
The analytic form of the system spread function derived in this way is complicated. In this paper, however, we are less interested in the form of that function than in how it is modified by the presence of surface errors. For that purpose we choose a simple Gaussian form for the system OTF:
2.
(itt/W (12) which gives the system spread function
Here W is a critical length parameter that characterizes the width of the system spread function. If we define the image width to be
the width of the Gaussian spread function is (15) which also equals its root-mean-square (rms) width.
Syitem-limited optica
The coherence length, W , is less than or equal to the mirror diameter. Its precise value depends on the relative importance of the three terms In Eq 11, and this in turn, depends on the radiation wavelength.
The width of the illumination term, I, , is proportional to the wavelength, while Iz and 13 are independent of wavelength, which means that the illumination term dominates at long wavelengths, while the others dominate at short wavelengths. In other words, visible-light optics may be diffraction limited, but x-ray optics tend to be system limited.
For example, a 10-cm diameter mirror imaging 140-Angstrom (14 nm) radiation has a diffraction width of the order of a tenth of a microradian, compared with typical source/detector widths of tens or hundreds of microradians.
Equation 15 says this in a different way. In the diffraction-limited case the coherence length is a constant equal to the diameter of the focussing element, and the image width is proportional to k . In the system-limited case, on the other hand, the image width, O , is a constant determined by the source-detector sizes, and it is the coherence length, which is now smaller than the diameter of the mirror, that Is proportional to )
If the system described above has a combined source/detector diameter of 100 microradians (22 arc sec), W is only 0.140 mm. Halving 7 halves W 5. THE ERROR OTF
Relation to the atructure function
The error OTF accounts for the effects of the phase modulation introduced into the reflected wavefront by the shape errors in the mirror surface. If those errors are members of a Gaussian random processes,
where DYt) is the structure function of the height fluctuations, Z(x):
The parameter ' , the lag, is the vector distance between two surface points in the mirror plane. In words, the structure function is the mean-square value of the difference in height errors as a function of their separation. If the surface errors are statistically isotropic --as is taken in this paper --D() depends only on the magnitude of 't and not its direction.
In the case of a transmissive element Eq 17 is multiplied by ((N -1)/2]Z• M where N is its index of refraction and M is the number of interfaces involved.
Relation to the power apectral denaity
The structure function appears naturally in the expression for the error OTF, and carries the information about the height errors that determines their effects on the image intensity distribution. It is more convenient to express this information in terms of a mathematically-equivalent statistic, the power spectral density, which is defined as
where L' is the spatial frequency --the reciprocal of the spatial wavelength. In the case of an isotropically-rough surface considered here, results can also be expressed in terms of the one-dimensional or profile power spectrum [3, 4] . This is done in refs 1 and 2.
The structure function is related to the spectrum by the integral transform Finish errors are shape errors left by the finishing or polishing process, and cover the entire spatial-wavelength spectrum from near-atomic dimensions to the mirror diameter. They are usually measured by one-or two-dimensional prouilometry and are characterized in terms of their power spectra.
We can distinguish two extreme types of finish errors --conventional and fractal --depending on whether the correlation length is much smaller or much larger than other characteristic lengths in the system [3-6).
Conventional surface finish
One model for conventional surfaces that appears frequently in the earlier literature is that corresponding to an exponential correlation function. Its structure function has the form: 24) which is characterized by two different parameters: the number n called the spectral index, and the length parameter T called the topothesy [6) . The topothesy is the average lag distance between two surface points whose connecting chord ha an rms slope of unity, and is usually expressed in Angstroms. The larger T the rougher the surface.
For a strict mathematical fractal (i.e. 2+°) the spectral index n must lie between 1 and 3, and is related to the fractal dimension according to Haussdorff-Besicovitch dimension of surface (7 - 
which is greater than its Euclidian dimension of 2 (6). In practice, the parameters n and K are determined most simply and accurately by measuring surface profiles, estimating the profile spectrum, and plotting the results on log-log scales [3] . In that case a fractal spectrum appears as a straight line with a negative slope, from which n and K can be determined In a straight-forward way (4] . 
I 0
The first factor in the integrand is the diffraction kernel, the second is the system OTF, and the third and fourth account for the figure and finish errors discussed in the preceding section.
This expression plus Eqs 22 and/or 24 represent the direct, parametric, solution of the imaging problem. That is, they give the image intensity in terms of figure and finish parameters. In general, the integral must be evaluated numerically, although a number of general properties follow from its structure [2] .
To solve the Indirect problem --of determining the figure and finish parameters in terms of the image properties --we consider the smooth-surface limit. That is, we linearize the dependence of the image on the surface errors by replacing the exponential figure and finish factors in Eq 28 by the first two terms in their power-series expansions. This is a reasonable limit to consider since we are Interested in specifying error in terms of deviations from the ideal imaging behavior, and that requires knowledge of the indicial dependence of the image on the errors.
If we do this, and then express the structure functions in terms of the spectrum using Eq 19, we find
where
and S is the spectrumof the surface errors --figure plus finish.
This is an important result since it tells how the image intensity at the angle 0 7L i affected by surface errors with the spatial frequency f' . In the following sections we use Eq 29 to see how three important properties of the image are related to the statistics of the surface errors.
Effecta on the on-axis image intenaity
The on-axis Strehl factor is easily seen to be
I(o)
This weighting factor shows that spatial frequencies that diffract into the image core have little effect on the Strehi factor, while higher frequencies enter with full force. In the particular case of a Gaussian spread function, for example, are bandwidth-limited values of the rrns surface gradient and roughness [7, 8] .
In the case of conventional surfaces is negligible and 0 is essentially c
In the case of fractal surfaces, the slope and roughness terms are finite and of comparable importance. The reason that the fractal results are finite even though the fractal spectrum diverges at low frequencies, is that the diffraction integral wipes out the divergence by convolving it with the system spread function.
In words, Eqs 35-37 say that in the smooth-surface limit, spatial wavelengths of the surface errors that diffract within the l/e width of the system spread function affect the on-axis intensity according to the rules of geometrical optics, while those that diffract outside that region deplete the core according to the smoothsurface form of the well-known Strehl or Debye-Waller factor.
Effecta on the image width
The effects of surface errors on the image width, Eq 14, can be found by examining the quadratic term in the expansion of Eq 30 in powers of the deflection angle 0 = f about the specular direction.
The result is 
where /• is, in this case, identical with Eq 36 (8] .
Note that only surface-gradient effects enter here, and with half the magnitude and the opposite sign of the corresponding effects on the on-axis Strehl factor.
Intensity in the image tail
Far from the image core Eq 30 becomes a pair of delta function and (43) where S is the finish spectrum; conventional or fractal. In writing this we have ignored any contribution from the tail of the image core and the effects of convolution with the system spread function. This result is the well-known expression f or scattering from a rough surface in terms of its finish power spectrum (5] Similarly, a requirement that the each of the error terms in Eq 42 be less than 10% leads to requirements on the gradient and slope terms that are less restrictive than those derived from the on-axis Strehl factor by a factor of 1.41.
These slope and roughness requirements are strict, but appear to be within present manufacturing capabilities (10).
Image frequency diitribution
The performance requirements considered above are given in terms of intensities in the image plane. Perhaps the simplest requirements are stated in terms of the image spatial-frequency content, that is, the total OTF in Eq 3 expressed in terms of the spatial frequency in the image plane, g =T1?iF , where F is the distance to the focal point. Requiring th the OTF begreater than some value at a given frequency translates into obvious requirements on the figure and finish parameters. The consistency of the present analysis is reflected in the fact that when the error factors in Eqs 44 and 45 evaluated at the frequency corresponding to the l/e value of the system OTF (i.e. the first term), they are the same as the corresponding results for the on-axis Strehl factor, Eq 35 (12].
SUMMARY
We have described a simple diffraction calculation for predicting the imaging of an imperfect mirror in terms of system and surface properties.
Roughly speaking, those spatial-wavelength components of the mirror shape errors that are longer than the coherence length, W , behave according to geometrical optics, while those with shorter spatial wavelengths behave according to diffraction optics.
In the smooth-surface limit, parametric and non-parametric expressions are given that can be used to specify surface properties in terms of performance requirements. The parametric expressions are functions of parameters of specific finish models, while the non-parametric forms expressed in terms of moments of the power spectral density of the surfaces, which can be measured directly in the laboratory.
Results are illustrated for two models: figure plus conventional finish, where the finish correlation length is smaller than the coherence length, and figure plus fractal finish, where the correlation length is larger than the coherence length, or effectively infinite. The results are well behaved even in the limiting case of pure fractal surfaces, where the finish spectrum diverges at low frequencies.
